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AN AFFIRMATIVE ANSWER TO THE JAIKIN-ZAPIRAIN’S
QUESTION
M. ZARRIN
Abstract. If X is a non-empty subset of a finite group G, we denote by o(x)
the order of x in G. Then we put
o(X) =
∑
x∈X o(x)
| X |
.
The number o(X) is called the average order of X. Zapirain in 2011 [1], posed
the following question:
Let G be a finite (p-) group and N a normal (abelian) subgroup of G. Is it
true that o(G) ≥ o(N)1/2 ? Here, we will improve his question and confirm it.
Keywords. The number of conjugacy classes, average order.
1. Introduction
If X is a non-empty subset of a finite group G, we denote by o(x) the order of x
in G. Then we put
o(X) =
∑
x∈X o(x)
| X |
=
ψ(X)
| X |
The number o(X) is called the average order of X . Since there is an interesting
relation between the number of conjugacy classes of a finite group, say k(G) with its
average order, Zapirain in 2011 [1], considered the average order for some powerful
p-group of exponent pt and posed the following question:
Question 1.1. Let G be a finite (p-) group and N a normal (abelian) subgroup of
G. Is it true that o(G) ≥ o(N)1/2 ?
In this paper, we will improve his question and prove it. In fact, we will show
that for every finite group G and its special subset (including its subgroups), that
it will be called CC-subsets, his question is true.
Definition 1.2. A non-empty subset C of a group G is called CC-subset (co-prime
power closed), if a ∈ C and (n, o(a)) = 1 then an ∈ C.
Our main result is the following.
Theorem 1.3. Let G be a finite group and A a CC-subset of G. Then o(G) ≥
o(A)1/2.
2. The Proof
For proof the main theorem, we need to define equivalence relation R1 on G as
below:
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∀ g, h ∈ G g R1 h if and only if ∃ n ∈ N such that (n, o(g)) = 1 and h = g
n.
Lemma 2.1. Suppose that x¯i are some of the equivalence classes with respect to
the relation R1 on G such that o(xt) ≤ o(xi) for 1 ≤ i ≤ t, then
o(x¯1 ∪ x¯2 ∪ · · · ∪ x¯t−1) ≥ o(x¯1 ∪ x¯2 ∪ x¯3 ∪ · · · ∪ x¯t).
Proof. Put α =
∑t−1
i=1 φ(o(xi))o(xi) and β =
∑t−1
i=1 φ(o(xi)), where φ(n) is the
Euler’s totient function. It follows that
o(x¯1 ∪ x¯2 ∪ · · · ∪ x¯t−1) =
∑t−1
i=1 ψ(x¯i)∑t−1
i=1 |x¯i|
=
∑t−1
i=1 φ(o(xi))o(xi)∑t−1
i=1 φ(o(xi))
=
α
β
and o(x¯1 ∪ x¯2 ∪ · · · ∪ x¯t) =
α+φ(o(xt))o(xt)
β+φ(o(xt))
. Now it is not hard to see that αβ ≥
α+φ(o(xt))o(xt)
β+φ(o(xt))
and the result follows. 
The following result would be independently interesting.
Lemma 2.2. If G is finite group and x ∈ G, then o(G) ≥ o(x)1/2. In particular,
o(G) ≥ meo(G)1/2, where meo(G) is the maximum order of an element of G.
Proof. We put ψ(G) =
∑
g∈G o(g) and
E(G) = {(a, b) ∈ G×G | there exists i in N such that b = ai and 1 ≤ i ≤ |a|}.
Then it is easy to see that
ψ(G) =| E(G) |= |{(a, b) ∈ G×G | b ∈ < a >} | .
(without considering ψ(G) as the cardinality of the set, it seems to be very hard to
prove this lemma). To prove, it is enough to show that ψ(G)2 ≥ |G|2o(a), where
meo(G) = o(a). That is, we show that
|E(G) × E(G)| ≥ |G×G× < a > |.
In fact, we should show that the size of the set
A = {((x, xi), (y, yj)) | x, y belong to G and 1 ≤ i ≤ |x|, 1 ≤ j ≤ |y|}
is greater than the size of the set
B = {(z, w, at, 1)| z, w belong to G and 1 ≤ t ≤ |a|}.
But it is not hard to find a injective function like f from the set B to the set A
and the result follows. 
Now we are ready to prove the main result.
Proof of Theorem 1.3.
Let G be a finite group and A a CC-subset of G. By considering the relation R1
on G, we can see that there exists t ≥ 1 such that A = x¯1 ∪ x¯2 ∪ · · · ∪ x¯t. We prove
it, by induction on t. According to Lemma 2.2, the theorem is true for t = 1. Now
without loss of generality we can assume that o(xt) ≤ o(xi) for 1 ≤ i ≤ t. Thus, by
Lemma 2.1., we have o(A) ≤ o(x¯1 ∪ x¯2 ∪ · · · ∪ x¯t−1) and so the result is followed by
induction hypothesis.
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Remark 2.3. By considering the conjugacy relation on G, we obtain that
ψ(G) =
k(G)∑
i=1
ψ((x¯i)) =
k(G)∑
i=1
|G|o(xi)/|CG(xi)|
and so
o(G) =
k(G)∑
i=1
o(xi)/|CG(xi)|.
From this we can follow that: For every finite group G we have o(G) ≤ k(G) (see
also Corollary 2.10 of [1]).
Corollary 2.4. For every finite group G we have k(G) ≥ meo(G)1/2.
Finally, we show that for some special subgroups of G, the Zapirain’s Question
will be improved.
Lemma 2.5. Let G be a finite group and N a subgroup of G. Then
o(N ∩ Z(G)) ≤ o(G).
Proof. It is easy to see that ψ(G) =
∑[G:N∩Z(G)]
i=1 ψ(ai(N ∩ Z(G))). Now as
ψ(ai(N ∩ Z(G)) ≥ ψ(N ∩ Z(G)),
we obtain that
ψ(G) ≥
[G:N∩Z(G)]∑
i=1
ψ(N ∩ Z(G)) = [G : N ∩ Z(G)]ψ(N ∩ Z(G).
Thus o(G) ≥ o(N ∩ Z(G)). 
Corollary 2.6. For every finite group G we have o(G) ≥ o(Z(G)) (see also Lemma
2.7 of [1]).
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